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THE APPLICATION OF MODERN THEORIES OF INTEGRATION TO 
THE SOLUTION OF DIFFERENTIAL EQUATIONS. 

By T. C. Fry. 

1. Introduction. It is the purpose of this paper to present a method of 
applying the modern theories of divergent and Stieltjes' integrals to the 
discussion of certain integrals closely related to the Fourier identity; 
and to present an application of this method to the solution of linear 
differential equations. The investigation results in assigning a meaning 
to a wide class of integrals which have heretofore had none; and in justi- 
fying the use of the common operations in dealing with these integrals. 

In an attempt to obtain the solution of a class of electrical problems 
the writer was led, largely through physical arguments, to adopt formal 
operational methods of manipulation for the purpose of obtaining tenta- 
tive results. As the work proceeded he was impressed with the large 
number of cases in which these methods seemed to yield correct answers, 
although so far as he knew they had no mathematical justification. In 
an attempt to remove the uncertaintj' in his own mind as to the breadth 
of the class of problems in which these methods might be used with a 
reasonable certainty of accurate results, he was led to formulate the 
argument which is presented in the following pages. 

This being the origin of the work, it will not be at all surprising if it 
has influenced the form in which the presentation is cast. In fact, the 
paper is to a certain extent a companion to a technical article on "The 
Solution of Circuit Problems," which recently appeared in the Physical 
Review. Bearing in mind the fact that readers of that article may wish 
to refer to this, an attempt has been made to use as simple lines of argu- 
ment as are consistent with rigor. This attempt has seemed to require 
more restrictive conditions upon some of the preliminary theorems than 
would otherwise have been necessary; but has left them in all cases suf- 
ficiently broad for the purposes of this discussion. 

Broadly speaking, there are three main divisions of the argument. In 
the first, which comprises sections 2 to 7, certain concepts which result 
from the application of the Csesaro definition of a divergent limit to inte- 
grals are presented. In the second division, which comprises sections 8 
to 10, some observations are made regarding Stieltjes' integrals which 
depend upon an arbitrary parameter. In the third broad division, com- 
prising the remainder of the paper, these two discussions, which have been 
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carried on with very little reference to one another, are both merged in 
the discussion of a type of integral closely resembling the Fourier integral. 
This is assigned a meaning, and applied to the solution of linear differ- 
ential equations. 

It is perhaps desirable to add a word in acknowledgment of the sources 
of information which have influenced the development of the argument. 
Foremost among these have been* Borel's treatise on Divergent Series, a 
few paragraphs from Stieltjes' original work on Continued Fractions, and 
Hildebrandt's excellent review of the Modern Theories of Generalized 
Integrals. Other sources have been consulted at various times, but have 
exerted much less influence. 

2. The Caesaro value for a divergent limit. The functions to which atten- 
tion will be directed in the following pages are frequently expressed in the 
form of limits which do not exist in the ordinarj' sense. It is necessary, 
therefore, to assign values to these limits by definition. This is best 
done by finding a transformation /, possessing the property that Lim If(u) 
exists under circumstances which render Lim/(M) meaningless, and also 
the property that Lim If{u) = Lim /(u) whenever the latter limit exists. 
If such a transformation may be found, the identity Lim If{u) = Lim f{u) 
may be used as a definition of its right-hand member. 

It has been shown thatf the operator 

7 = - Cdn (1) 

possesses the necessary properties, when n is to approach oo . That is, 

Lim- r f(n)dn = Umf(n), (2) 

whenever the Umit oi f(n) exists; while the right-hand side of (2) fails to 
have a meaning for many functions for which the left-hand side exists. 
Furthermore, the statements 

I(u + v)= I{u) + I{v), lieu) = cl{u), 7(c) = c (3) 

are almost immediately obvious. 

For the purposes of this paper it is desirable to limit consideration to 
functions of the type, 

/(n) = r e'-<A(n)dn, (4) 

>J0 

* Borel, "Leeons sur les Series Divergentes." 

Stieltjes, '.'Sur les Fractions Continues," Annales de la Faculte' des Sciences de Toulouse, 
1S94-5. 

Hildebrandt, "On Integrals," Bull. Amer. Math. Soc, 1917-18. 
t Borel, loc. cit., p. S7. 

Silverman, Transaet ions of Am. Math. Soc, Apr., 1916. 
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which are peculiar in that their Caesaro limits can be evaluated by means 
of the theory of residues. 
3. Expressions of the tsrpe 

/(n) = I n'e''"'dn. (5) 

'Jo 

If j is integral the operator I may be applied to expressions such as (5). 
The transformed functions are then obtained by the use of the ordinary 
formulae of integral calculus. Direct integration of (5) leads to an ex- 
pression 

f(n) = i aku'^e'''' - ao, (6) 

and therefore to 

U(n) = i, ajn'^e'"' - ao. (7) 



The terms of this series are all of the form 7n*e'"'', which can be evaluated 
bj' immediate integration. The result is 

where the constants depend not only on k' but also on k. It is the form 
of this expression, however, rather than the actual values of its coefficients, 
which is important. 

If (8) is substituted in (7) a new expression results which may be 
thrown into the form 

Uin) = Sa/n^-'e'"* + ao'- ^^ ao- 

Repeated application of / leads at last to 

whence, by passing to the limit as n = « , 

Lim I'+^f{n) = - Oo, 
since 

Lim 7^-*+i = Lim^ = 0. 

The meaning of the integral J^°°n^e*"'dn is therefore known as soon as the 
value of Oo has been determined. This leads at once to the result 



Jo 



n'e*-^dn = (-l).+i^i-. (9) 
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This integral was evaluated along the real axis. It will be found 
illuminating to obtain its value when taken along certain other paths of 
integration. Suppose, for instance, it is evaluated along a line which 
makes an angle 6 with the real axis, as shown in Fig. 1. To be explicit. 




Fig. 1. 

it is assumed that [ 9| = x/2 and that* sgn d = sgn x. Along this path the 
integral is convergent since Lim e'"' = 0. Evaluating (6) it is found 

that 

Lim/(n) = — ao, 

n=co' 

which is the same as (9). This equality of the values of the integral (5) 
when taken along the two paths Ooo and O* ' will be used in several differ- 
ent forms in the succeeding sections. In the notation used in Fig. 1 they 
may be symbolically expressed as 



f = - f , Lim f = 0. 



(10) 



This argument has been carried out on the assumption that j is a 
positive integer. There is, however, no essential difficulty introduced 
when j is not integral, provided it is greater than — 1. The course of 
the argument is unaltered except that — ao is replaced by an ordinary 
convergent improper integral. The value is easily determined to be 
(— 1)^+T(j + \)i{ix)''^'^. Formula (10) also applies to this more general 
case. 

4. Expressions of the Type (4). The argument concerning the general 
equation (4) can be made to depend upon the results obtained in section 3, 
provided the function 4>{n) has no essential singularity at infinity. There 

* The figure is drawn for sgn x = 1. 



186 T. C. FRY. 

may be essential singularities in the finite portion of the plane, but if so, 
it will be assumed that they are so situated that it is possible to connect 
them by cuts which do not anywhere intersect the real axis.* If <^(n) 
has at infinity a pole of order v, it may be expanded in the series 
(^(n) = YJjL-^ajln^ 1 which converges for all values of n satisfying the 
condition | re ] ^ iV. Furthermore, the series formed from the terms 
(ay/n^')e'"'' also converges in the same region uniformly and absolutely if 
the imaginary part of nx is not negative. This establishes the propriety 
of term by term integration; hence 



j—~v 9J N ^ 



Now introduce the notation 



00 r*n „inx 



Then Lim ^{N, n) converges to the value *(iV, <») in the ordinary sense 
of convergence. In terms of this notation (5) may be expressed as 

I 0(n)e^"^d?i = Lim 1"+^ \ </>(%) e'^^'dn 

= Lim 7^+i$(2V, n) + E ay Lim r+^ f'^-'^^fdn (11) 

?i=QO j=—y n=oo \J N ^'^ 

p pN inx |— 7 "1 

= W=o)-E_„,[|— fc + ^,J. 

Since this equation gives the value of the limit (11) it also asserts its 
existence. It is possible, however, to simplify its calculation by estab- 
lishing its equivalence with a certain Cauchy integral. This will be the 
object of the next section. 

5. Reduction to a closed path : Cauchy integral. The integration in equa- 
tion (11) was performed along the real axis. If it had been carried out 
along the line ON' 00 ' of Fig. 1 there would have been no need of applying 
the operator 7. The result of the integration along this line could have 
been determined immediately to be 

X°°' " r f^' (>i^^ j — j ~\ 

* We are aiming at an evaluation of 

f4>{n)e*^Hn (a) 

taken along the real axis and the condition is stated for this particular case. If we desired to 
carry out the integration of (a) along some path C it is only necessary to require that no cuts 
joining the essential singularities of 0(n) shall intersect C at any point, finite or infinite. 
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Hence 

r 4>(n)e'-'dn = $(A', oo) - ^(N', oc') - Zo; f -^dn. (12) 

The value of the left-hand side of (12) is independent of the magnitude 
of N = |iY'| so long as A'' is sufficiently large. The same is therefore 
true of the right-hand side also. Call this value L. Then as N is in- 
definitely increased the limit approached by both members of (12) must 
be this value L to which they are constantly equal. But it is almost 
immediately obvious that the limits of $(A', =o) and #(A'', oc') are zero 
since Lim i{N, n) converges in the ordinary sense. As for the summa- 

n=oo 

tion, it is seen that excluding the term j = 1, 

la/ 



00 ^y ginx 






which also approaches the limit zero. This leaves for consideration only 
the term J = 1. However, since |^| = ir/2, 

J A- n j IJo Aa; ' 

which also approaches the limit zero. That is, L = and hence 

I (f>(n)e''"'dn = 0, I (t}(n)e''"^dn = I <t>{n)e'''^dn. (13) 

t/oo'A'A'oo •''O.V.V'oo' »/0oo 




Fig. 2. 



It is quite obvious that a similar argument may be applied to the 
integral 

I 0(n)e'"dn. 
In the notation of Fig. 2 the results of such an argument are 

I 4>{7i)e'"^dn = 0, I 4>(n)e'''^dn = j 4>{n)e'''^dn. (14) 
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Now let e = 7r/2 in both (13) and (14); then «'_= oo' and A" = N' 
so that in Figs. (1) and (2) the paths =c'A^' and ^'A'' either coincide or 
lie vertically above one another on different sheets of the Riemann surface 
for <t>(n)- The conditions which have been imposed upon the singularities 
of <t> are sufficient, however, to justify the statement that if the points 
and lie upon the same sheet of this Riemann surface the points A'"' 
and A'' will also lie upon the same sheet, so that the integrals along the 
paths oc 'A'' and oc.'A*' are equal. This results finally in the equation 






<^(n)e'"^dn 






4>{n)e^'^^dn. 



(15) 



That is, in words : 

Theorem 1. The Caesaro value of the integral 



f 



4>(n)e''"'dn 



taken along the real axis is identical with the integral of the same function 
taken about the path shown in Fig. 3, provided: (a) the function 4>{n) is 
essentially singular at infinity; (6) the essential singularities of 4> can be 
joined by a set of cuts which nowhere intersect the path of integration; and 
(c) the radius N of the circular part of the path is larger than the modulus of n 
for that singular point of (f> which is farthest removed from the origin. 




Fig. 3. 

Of course, if a; < 0, the point A"' must be taken below instead of above 
the real axis, while if a; = the argument fails altogether. 

6. Differentiation and integration under the sign of integration. In every 
case except x = the divergent integral (4) has been evaluated in the 
Csesaro sense, and the result has been proved to be identical with a 
Cauchy integral in the complex plane. This opens up the possibility of 
applying much of the elementary theory of analytical functions to the 
particular tj'pe of divergent integrals with which this paper is concerned. 
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It is not intended, however, to follow out this line of development, except 
to the extent of noting a few of those facts regarding differentiation and 
integration under the integral sign which will be needed in the work which 
follows. 

The possibility of expanding <^(n) in an absolutely and uniformly 
convergent series of the form <t>{n) = "^J^-vdjIn' has been assumed. Con- 
sider now the series which results upon multiplying both sides of this 
equation by n*; k being a positive integer. This series. 






which again converges uniformly and absolutely for n ^ N, satisfies all 
the conditions imposed upon <j>; so that the integral of <t>k from — =o 
to + « may be evaluated about the same closed path as that used for <j>. 
In the Cauchy form, however 

since there can be no question as to the propriety of differentiating under 
the sign of integration along the closed path. Owing to the equivalence 
of this path with the real axis it follows that 

Theorem 2. If the conditions of Theorem 1 are satisfied, it is per- 
missible to differentiate the integral (4) repeatedly with respect to x under the 
sign of integration. 

In case the function 

^i(x) = I ^^ (e""^ - e''"')dn 

is considered and the above theorem applied, there results the equation 

^ix) = — = J <i>{n)e'^^dn, 

which is true for all values of x different from zero. That is $i(x) is a 
primitive of $(x) which vanishes when x = n; therefore 

I dx I <i>(n)e''"'dn =1 dn j 4,in)e''"'dx. (16) 

This argument breaks down if the signs of n and x are not alike, since in 
this case the x-integration passes over the value x = for which the 
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integral (4) can not be reduced to a closed path. In this case $(0) will 
not ordinarily possess a meaning and therefore it is impossible to assign a 
meaning to (16). In the special case in which $(x) has a meaning even 
when X = 0, this objection no longer applies and the equation (16) is 
still true.* 

Theorem 3. If the conditions of Theorem 1 are satisfied, the integral 
(4) may he integrated with respect to x under the sign of integration, between 
limits of like sign. 

7. The Fourier integral identity: the function ^(X, t). The ideas pre- 
sented above throw a rather interesting light upon the Fourier integral 
identity, and inasmuch as a consideration of this identity will also serve 
the purpose of introducing a certain function ^(X, t) which will be needed 
in a number of places later on, it may not be amiss to give it consideration 
at this time. 

Consider the function 

^ :^ dn, (;u + 0, < 4= X). (17) 

It is Riemann integrable, if < =t= X; but what is of more immediate conse- 
quence it may be evaluated as a Cauchy integral, as explained in section 5. 
Its value is thus found to bef 

^(X, = 0, \ < t; *(X, = 2t, X > t. 

TMien i = X it is indeterminate. This uncertainty may be overcome by 
means of the definition 

^(X, t) = 0, \ <t; ^(X, t) = 2ir, X s t. (18) 

Hereafter, throughout the entire paper, the notation "^(X, t) will be con- 
sistently used to refer to the function defined by (18); and will only 
incidentally have any relation to equation (17). 

/(X)(i^(X, t). Quite obviously 

this integral has the value 2irf{t), whatever t may be, so that it is possible 
to state at once the identity 

27r/(0 ^ r/(X)d^(X, t). (19) 

Returning again to the consideration of (17), it is to be noted that 
3^, 3X may be obtained by differentiating (17) under the sign of integra- 

* It is easily seen that in case *(x) is defined for i = 0, all of the integrals involved in the 
above discussion are convergent in the Riemann sense and there is therefore no necessity of using 
the Caesaro definition. 

t These values are computed on the assumption that m > 0, as it may perfectly well be. 
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tion, except when X = i. Performing this differentiation, it is found that 

d'^= dk I e"'^'~^'dn, for X 4= i. When \ = t, the right-hand side of this 

equation is meaningless, — although there is no reason why it should not 
be given a meaning by definition. At present, however, this will not be 
done, and only formal equations will be dealt in. 

Substituting the formal value of d^ in equation (19), the result 

2^/(0 = rf{X)d\ r"e'"('-^>dn (20) 

«/_gO «/ — go 

is obtained. This is the Fourier identity as ordinarily written; and the 
derivation given reveals its formal equivalence with the rigorous identity 
(19). In what follows, (19) may occasionally be termed "Fourier's Inte- 
gral"; (20) being regarded as a meaningless formal equivalent, which, 
like derivative notation, claims recognition because of its universal 
familiarity. 

Finally, it should be noted that I /(X)d^(X, t) is equivalent to (19), 

provided a < t S b. In case a '^ t or t > b this equivalence no longer 
obtains. 

8. The integral 

G{t) = rx(X,0/(X)dX. (21) 

In interpreting the divergent Fourier identity in the last paragraph, a 
very simple Stieltjes integral was found of value. The next few sections 
will be devoted to developing in a simple manner such of the properties 
of these integrals as will be of service later in assigning a meaning to a 
broad class of divergent integrals. 

Let /(X) be a function of bounded variation within the closed interval 
(ab); and let xiO^, ^.nd x^O^r^) be two functions which are regular in X 
throughout the entire interval (ab) for values of i in a certain interval 
(ti, <2) which includes (a, b). It will be assumed in the following that t 
takes no values outside (a, b). Furthermore, let 

Xi(i, t) = X2it, t), 
and define the function 

x(x, t) = xi(x, t) (X s 0; x(x, t) = X2(x, t) (X s 0- 

This is the function which occurs in equation (21). 
It is quite obvious that (21) becomes 

G{t) = jT' xi(X, t)f{\)d\ + J X2(X, t)fi\)d\, 
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and that each of these integrals maj' be differentiated under the sign of 
integration, so that 



7(x)dx. 



(22) 



But in the interval (a, t, dxi;dt = dx-dt, while in the interval t, b), 
dxildt = dxdt. Thus the two integrals of (22) may be included under 
one sign by replacing dxildt and dx2!dt by dx/dt, except for the fact 
that the expression dxidt has no meaning at the point \ = t. This ob- 
jection is easily overcome, however, by replacing both dxildt and dxil^t 
by a unilateral derivative of %! thus altering the integrand of (22) by at 
most a finite amount at one point only. To be explicit, the left-hand 
derivative will be used, so that 

dG r\,.. dx 



f=X^<^' 



dt 



d\. 



(23) 



As a special case, consider the function x(X, t) defined by the equation 



x(X, = r 4>{n) ' 
«y — to 



■dn, 



(24) 



where it is assumed that </>(<»)= 0. It is easily seen that the path of 
integration, which in (24) is the real axis, may be distorted into the path A 
of Fig. 4, provided 4i{n) has no singularities infinitely near the real axis. 




Fig. 4. 



But along this path each separate term of x is regular and may be evalu- 
ated independently. Further, each of them may be reduced to some such 
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path as AB or AC, according as the coefficient of n in the exponent of (24) 
is positive or negative. 

In particular, if ju is positive, the integral 

'4>(n)e''"'dn 



r 



n 



dn 



must be taken along the path AB. It is independent of both X and U 
and may be denoted by a constant K. As for the other term. 



/ 



*<">«'■""'-*„ (25) 



n 



it must be evaluated along the path AB when t > X, and along the path 
AC when t < X. That is, unless < = X, x is equal to one of the functions 



..(x,<) = -K+r^Wipi'rf„, 

Jab "' 

J AC "' 



But these functions are analytic in both X and t, and therefore satisfy 
the conditions laid down at the beginning of this section. Moreover, 
owing to the fact that <A(so) has been assumed zero, it is easy to prove by 
an argument similar to that of section 5 that (25) may be evaluated 
about a closed path even when X = i. Indeed, in this case, it does not 
matter which of the paths AB or AC is used, so that x{t, = Xi(<, 
= xi{t, t). This estabHshes the fact that x is everywhere continuous in 
the interval (a, h) and therefore satisfies the conditions imposed in the 
discussion of equation (21). 

It therefore follows immediately that (23) is satisfied by this function x- 
It is also immediately seen that (23) may be written in the alternative 
form 

If j^V(X)x(X, t)d\ = - £ /(X)dx(X. 0, (26) 

since 

3x ^ _ oix I 
dt d\ ! 

These are the formulae for differentiating under the sign of integration. 
The conditions imposed should be carefully noted. They are : 

With regard to 4>, that it is regular along the real axis, and zero at 
infinity, and that its essential singularities, if they exist, are of such a 
character that the cuts of the Riemann surface on which <p is analytic 
need not intersect the real axis; and 
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With regard to /, that it is a function of bounded variation in (ab) . 

In carrying out the proof, the tacit assumption has been made that 
a and b do not vary with t. This assumption is not necessary, however, 
provided the customary terms are added to (23) and (26) . 

It should also be observed that the proof is in no way dependent upon 
the fact that (j){n) is not a function of t, and is equally true even when <l> 
varies with t. In this case, however, the alternative form (26) cannot be 
used, since it is no longer true that 

\dx ^ _ ^ 
\dt d\ ' 

9. The Stieltjes integral, 

*(0 = fmdxi^ t) (27) 

Differentiation under the sign of integration. Stieltjes has shown that it is 
permissible to integrate an integral of the type (27) by parts, provided 
/(X) is not discontinuous at X = i and is a function of bounded variation.* 
Therefore, denoting /(&)% (ft, t) — /(a)x(«) t) by F{a, h, t), 



m = Fia, b,t) -J^ x(X, t)df{X). 



Assume for simplicitly that /(X) is discontinuous at one point only in 
the open intervalf a, b; and that this point is X = A. Denote by 2x5 
the value /(A + 0) — /(A — 0) . The exact value of /(A) is of no conse- 
quence, since it contributes nothing to ^{t). If it is not equal to /(A + 0), 
a new function /(X + 0) may be substituted for/(X) in (27) without in any 
way altering the value of $. It will be assumed that this substitution 
has been made; but for simplicity it will not be explicitly set forth in 
the notation. 

Consider the new function /(X) which is defined a? 

/(X) =/(X) -5-*(X, A), 
where ^ is defined by (18). Then /(X) is continuous, even at X = A, 
and 4f(X) may be replaced by 

5.d*(X,A) + ^ 



d\. 



* The conditions stated by Stieltjes were not as broad as these; but he indicates clearly that 
he knew they were more restrictive than necessary. 

t If /is discontinuous at an endpoint, say at a, it may be replaced by the function /i defined as 

/, =0 (X<a); /i=/(X) (X^a). 

Then *(<) may be written as 

*(0 = r fiWdx(\, t). 

''a—If 

The function /i is not discontinuous at the hmits of integration, and has only one discontinuity 
In case a is a function of t, this process is still possible. The fact that two discontinuities are 
introduced is obviously not essential. 
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That is, 



#(0 = F{a, h, t) 



X ^^^' *^ 



df 
d\ 



d\ - 2x5 -xCA, t). 



Differentiating, and making use of formula (23), the value of d^jdt is 
obtained in the form 



d^ _dF o^,3 ^x(A, 
dt dt dt 






db df{b) 
dt db 






x(a, 0- 



This equation is capable of very considerable simplification. In the 
first place, 



df 
d\ 



d\ 



except at X = A. But since A is different from both & and a, the dashes 
can be removed from all /'s which are not under the sign of integration. 

Furthermore, 

dx(A, t) 



27r5 



is obviously equal to 



dt 



r 



I dx{\ t) 
dt 



d*(X, A); 



and may be combined with the integral which follows it. But when this 
is done, inspection shows that the entire integral term may be rewritten 
in the form 

9x(X, 



fl 



dt 



df{\). 



Collecting these results, and once more applying the formula of integration 
by parts it is found that 



dt 



= fjWd 



dx{\ t) db dxib, t) 
—dT- + Jt^^^^-db- 



^/(a)M^. (28) 



This is very similar to the ordinary formula of differentiation under 
the sign of integration. It is quite obvious that it may be extended to 
the case where /(X) has a finite number of discontinuities. 

Since there is no distinction between dxi'dt and | dxi'dt except at 
the point X = i, the value of | dxldt may be found by evaluating the 
formal derivative of (24), 



dx 
dt 



= -/^'" 



Ci-M 



4>{n)dn, 



(29) 
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about one of the closed paths AB and AC. This is immediately obvious 
when \ =^ t. But it has already been shown that xC^, = X:''^, 
when t S X. and that this function X2 i*? anah'tic in both X and /. Hence 
it follows that at X = /, 

dx _ ^_X2 . 
dt 'dt ' 

which is the integral (29) evaluated about the path AB. Thus the pro- 
priety of differentiating (27) under both signs of integration is established 
and the following theorem is obtained: 

Theorem 4. Let /(X) be a function of bounded variation in (a, b), 
which is not discontinuous afK = t. Let 4>(n) be regular along the real axis> 
zero at infinity, and capable of representation upon a Riemann's surface 
in such a way that a point traversing the entire real axis remains continually 
on the same sheet. Define xO^, «« in (24), and $(0 as in (27). Then 
the derivative d^,'dt exists, provided db-dt and da'dt do, and may be obtained 
by differentiation under the sign of integration in accordance with the formula 
(28), in which 

dt 



= - j e'''^'-^'>4>{n)dn, 



taken about AB if t > \, otherwise about AC. 

In the application to physical problems, there is no occasion to use 
variable limits; in consequence of which b and a will be assumed constant 
in what follows. 

The result expressed by (28) may be extended to the case of infinite 
limits of integration. Assume that /(X) has, in the interval (a, « ) only a 
finite number of discontinuities and that no point on the real axis is 
either a singular point or a limiting point of the singularities of 4>{n). 
There is then a finite number b so large that in the interval {b, <x>) f{\) is 
continuous. It will be assumed that b is chosen large enough to satisfy 
the condition fe > ^ for all values of t which need be considered. 

Then 

*i(0 = J°°/(x)dx(x, = jV(X)dx(X, t) + J"/(X) l^dx. 

The former of these integrals comes under the proof already given, and 
only the latter need be considered. This, however, is an ordinary Riemann 
integral, and may be differentiated repeatedly under the sign of inte- 
gration so long as the resultant integrals are uniformly convergent, as they 
will presently be proved to be. 

For all values of X > i, and hence for all values of X S 6, x(X, may 
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be found by evaluating 



/ 



gtn( (—A) 

6{n) dn 

n 



about the path AC, and 

(t>(n) dn 



/• 



n 



about the path AB. The latter of these, so far as either X or < is con- 
cerned, is a constant, which has already been denoted by K. The former, 
which may be called F(X, t) may readily be reduced to the form 

F(\, t) = - 2«0(O) + f ^e'"('-^>dn, 

the path DC (shown in Fig. 4), being at no point removed less than a 
finite distance tj from the real axis. Hence 

x(X, t) = - K - 2irict>(0) + f ^e'"('-^'dn, 
and, whatever the values of X and t, 



dt'dX J 1,0 



The path DC possesses a finite length L. Along it the value of n is 
constantly finite and less than N; 4>(n) is constantly less than a maximum 
value M, and 

I gin((— A) I < g-i(A— < g— 1(^—6) (X > b S t). 

Thus ~ ~ 

1^ -^ MLN^e-"^'-^^ (X S b S 0- 
dt'dX 

With regard to/(X), which has been assumed to be a function of limited 
variation in (a, b), it is sufficient to assume the condition 

!/(X)|<A-X« (XSfe). 

Then it is true that, for any s greater than b, 

i J°°/(X)|^dX: S ALJ/.V^e"' Px'e-'-MX ^ ALMX^e-''^'->''P{s), 

where P(s) is a polynomial of degree q in s. This evidently converges to 
zero uniformly in < as s is increased indefinitely. Thus the applicability 
of (28) to infinite limits is established iff(\) possesses only a finite number of 
discontinuities; if \ f(\) \ < .1-X«, X S 6; and if the singularities of <i>{n) 
have no limiting points upon the real axis. 
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Finally it should be noted that (28) is still true when <^ is a function 
of both ?i and t. In this case the form of (29) is altered, since the equation 
as written no longer represents the result of differentiating (24) under the 
sign of integration. 

10. The Stieltjes integral (27) : inversion of integrals. Consider the two 
functions 



<i>{n) 

CO 



n 
and 



— dn 



Xi(X, t) = r <A(n) 



gin((-A) _ gin(.-A) _ {ne^'"'(t — v) 



dn. 



n- 

where 4>{n) at infinity is regular, but not necessarily zero. The integrand 
of xi has no singularities upon the real axis; and its path of integration 
may therefore be distorted into the path A of Fig. 4. This having been 
done, xi may be rewritten in the form 



^^i^.'^'f/r-^'^^F^'-f: 



n n 



- — dn 



Ja n 



The third of these terms may be evaluated about the path AB, regard- 
less of the values of t and X. The second integral can be evaluated about 
either the path AB or the path AC, and is independent of t. The first 
term is of the type discussed in section 9, except that the <{>{n) of section 9 
corresponds to the <t>(n)/n of this section.* Hence it is immediately 
obvious that the entire argument of section 9 applies equally well to the 
expression <l>i(0 defined by the equation 

Mt) = f fO^)dxi(\ t). 
In particular, 

— -r-^ representing the left-hand unilateral derivative of x- 
or 

IO V 1 
-^T mav be found by actual computation to be, equal to x(^) t), 
at 

except possibly for the value X = i; so that 



d 






* The 4i{n) of section 9 was required to have no singularities on the real axis. This condition 
was necessary to justify the shift from the real axis to the path A as a path of integration, and 
was thereafter of no consequence. This shift having already been accomplished, the fact that 
4>{n)ln is not necessarily regular at n = causes no difficulty. 
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Therefore, if 

*(0 = ffWdxO^, t), 
it may be said that 

dt 

Taking account of the fact that 4>i = when t = v, it follows that 

^1 = J ^dt. (30) 

But, quite obviously, xi(X, t) is the result of integrating x(^) t) with 
respect to t between the limits v and t; the integration being performed 
under the sign of integration. That is (30) expresses the legitimacy of 
integration under both signs of integration. 

11. The ^-functions. Up to the present point in this discussion no use 
has been made of the theory of divergent integrals as developed in the 
early sections. It will be the purpose of this and the remaining sections 
to apply this theory to the Stieltjes integral, and to the solution of differ- 
ential equations. For generality, it is assumed that <^ is a function of 
both n and t. 

Let there be a function <^(n, t) which vanishes at infinity, and is regular 
over a certain range of values of t for sufficiently large values of n. Let 



x(X, t) = r 4>{n, t) 

%J — ao 



^in(i— A) o in(iA 



n 
and let 



dn 



$(0 = r/(x)dx(x, 0- 



It has been shown that this function <l> may be differentiated under both 
signs of integration, even when \ = t, provided that the resulting l-^ 

is evaluated about the path AB \it > \, and about the path AC if i ^ X. 

• • 1 5x 

This is true, however, only because x is continuous, and if I ^ is discon- 

01 

tinuous d-^'df cannot be found in this way. It is therefore necessary to 

I dx 
consider the magnitude of the discontinuity of l-r^, and its effect upon 

the second derivative of <?>. 

The conditions imposed upon <l> justify the expansion 

4>(n,t) =i:#; 
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which is term by term differentiable with respect to t. Making use of 
this form of expansion it may be said that 

eFl^^"' ^) n J = - "^^ + 5 £ C,Tz^-«--^^e-c.-). 

Some of the terms in this expansion involve powers of n higher than — 2. 
Denote their sum bv P-. Then 



Finally, the functions <p„ and x<r are defined as 

4>M, = ^ [ <A — J - P., xA\ = J <i>An, t)dn, 

the integral in the last equation being evaluated about AB if X < i; 
otherwise about AC. 

It is seen at once that every ^<, is of degree — 2 in n. Therefore 

every Xa is continuous* at X = <, and every integral of the type I f(X)dxa 

«/« 

may be differentiated with respect to t under the integral signs. But by 

actual differentiation 



where 
Hence t 



dt - "^'+^+71^ L^"^ dt J' 

QAt) = icti"-^'^-^ . 

dxA\t) r dQ,l 



= £fWd If = f V(X)d(xi + ai^) = 2xa,(0/(0 + £ f(\)dxi{\ t) 



and 

i|= I f(x)d ^= I /(X)d(xi + ai^) =2xai(0/(0+ I /(X)dxi(X, i). 

Having once obtained this formula, it is easy to establish by induction 
the following theorem: 

Theorem 5. Let <t>{n, t) be a function which, for a certain range of 
values of t to which attention is confined, and for n real or sufficiently large, 
is regular in both t and n, and which vanishes at n = <x>. Then the Stieltjes 
Integral 4>(0 possesses a c'th derivative provided f{t) possesses a a — I'th 

* See footnote on page 33. 

/gin((-A) 
— : dn with *(X, t) is established by direct evaluation. 
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derivative; and this derivative may he obtained by differentiating the Stieltjes 
integral $ under all signs of integration, according to the formula 

\ . (31) 

Equation (31) gives the true value of the derivatives of $, by intro- 
ducing into the formal derivative certain auxiliary terms. For purposes 
of comparison it is desirable to write down the result of differentiating 
^{t) formally under all signs of integration. The result is 

d^ 
df 
where 



= ffimx''\ (32) 



x''>(X, t) = I [<^,(n, t) + PAn, t)]dn. (33) 

U — CO 

It has been shown that this formal result for x^"' may be evaluated about 
one of the paths AB or AC, so long as t ^ \. What is not known is that 
when the result is substituted in (32) it results in d'^ldt"; and indeed, so 
long as dx'-'^ does not have a meaning at X = i, the statement in italics 
is absurd. Ignoring this difficulty for the moment, consider the actual 
value of x^"^ for t + X. Only those terms of P, for which the exponent 
of n is — 1 contribute anything to the result. Hence, separating out 
these terms it is seen that 



■-/—a 



P^n, t)dn = ^(X, t)QAt), 
and therefore 

dx'^K\ t) = dxA\ t) + QAt)d'^{\, t) = dx.(X, (\ + t). (34) 

This is exactly the function with respect to which the integral term of (31) 
is integrated for all values of X. 

The first observation to which this equality leads is concerned with 
the result of a substitution of (34) in (31). Suppose (33) to be evaluated 
about AC when \ = t; that is, suppose the same convention regarding 
the path of integration is made in (33) as in (31). Then (.34), in its first 
form, is true even when X = i, and therefore it is not true that 



s?=r/(«^ 



d'x 
df ' 



in the general case. In fact, the deficiency of this equation is exactly the 
difference of the group of terms which do not occur under the sign of inte- 
gration in (31), and the term 2irf(t)QJt). 
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The second observation concerns those terms of P, which contribute 
nothing to the value of (33) when X =|= <. Formally the corresponding 
terms of (33) are the successive derivatives of the equation (17), multi- 
pUed by a factor independent of n. Formally, therefore, (32) becomes 

This result is significant, for if the definitions 

V(X)d^(''(X, t) = 27r/('H0, (35) 






which are suggested by th.e formal differentiation of (19), are made for all 
values of cr, it follows that (32) is a true equation.* 

The definitions (35), however, are suflScient to give a meaning to an 
integral of the type (32) regardless of how it may have been derived — 
whether h\ differentiation or otherwise — and are therefore of very general 
importance. In fact, it requires but a moment's reflection to observe the 
truth of the following statements: 

Definition 1. Let '^'"^(X, t) represent the divergent integral 



00 



t/_oe 

Then the identity 

27r/«')(0 ^ £ f{\)d<k^'\\, t) 

defines the integral in its right-hand member, -provided a < t < b. 

Definition 2. Let <^(n) be a function which, fbr a certain range of 
values of t to which attention is confined, and for real values of n, is regular 
in both n and t; and which may be expanded in a series 

4>{n, = 1. -ZT > 

convergent for sufficiently large values of n. Also let xO^i i) be defined by 
the equation 

x(X, = r<^(n, <)e'"('-^^dX. 

*/ — ao 

* This is shown, of course, by establishing that the equation preceding (35) is equivalent 
to (31). The algebraic manipulation involved is somewhat simplified by the use of the identities: 

(a) ct = cr' + c^il, (&) cz = '2' c:i,\ (c) c:;j+, = T cicr^. 

Those who are not familiar with these identities may establish (a) by direct addition; (5) by 
repeated application of (a); and (c) by induction, assuming it to hold for all values of a and 
when a = a and showing that this involves its vaUdity for a = a + 1. In this process C^~^ is 
replaced by the summation (fc); and it is noted that when a = 0, (c) reduces to (6). 
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Then the identity 

r/(X)dx(X, ^ - 2rr i: i'a,{t)p-^Kt) + f fWdxO< + 0, 

c/a j——v Oa 

defines the integral in its left-hand member, provided a < t < b. 

Theorem 6. The definitions 1 and 2 are consistent with the operations 
of addition, differentiation, integration, and multiplication by a constant 
when these operations are performed under the sign of integration. Further- 
more, if by any of these processes an integral is derived which may be evalu- 
ated as an iterated improper Riemann integral, the value of this Riemann 
integral is consistent with the value obtained by performing the same opera- 
tions upon 

Ht) = £f{\)dx{\ t). 

Not all of the details of proof of this general result are to be found in 
the preceding sections. It may be well, therefore, to rapidly indicate 
them in this place. 

In the matter of addition and multiplication by a constant there are 
no difficulties which need be considered. 

As for differentiation, the difficulty is only slightly greater. For if 



*(0 = f V(x)dx(x, 



is a true equation when interpreted as above explained, it is possible to 
separate out all the terms of <^(n, t) of degree greater than — 2 in n. 
These having been removed from the integral, the remaining terms of the 
integrand satisfy the conditions of the proof of Theorem 5, and repeated 
differentiation of $ is permissible. The equivalence of the result thus 
derived with what would have been obtained had these terms not been 
removed is easily established. 

The case of integration is made to depend upon that of differentiation. 
For if <^(n, t) satisfies the conditions of definition 2, the same is true of 
the function 4>i{n, t) defined by the equation 

4>iin, t) = e-'"' I e''"<t)in, t)dn; 
the path of integration being the real axis. Then the function 

^lit) = J/(X)dxi(X, 0, 
where 

Xi(X, = f ct>i(n, t)e'^^'-'Hn, 
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may be differentiated, the result of course, being the <J>(0 used above. 
Hence 



#ifO = J i(t)dt + C; 



and it is easily seen that C must be zero, since ^/m) = 0. Since xi is the 
result obtained by formally integrating x from n to t under the sign of 
integration, the desired property of integrability is established. 

That the second sentence of the theorem is true may be verified from 
the fact that, if the conditions on 0(n) are satisfied, dx cannot be Riemann 
integrable unless 4>(^) is zero to the second order. But if by the use of 
the operations of addition, multiplication, differentiation and integration a 
function is built up which satisfies this condition, its expansion in de- 
scending powers of n will involve no terms which require the use of defini- 
tion 2. The result will be found by altering the path of integration, a 
method which in this case is consistent with both Riemann integration 
and integration by the method here explained. Hence the last sentence 
of the theorem is true. 

Theorem 6 is the principal result of this paper. It gives a meaning to 
many expressions which, so far as the writer is aware, have never been 
interpreted before. That many of these expressions could be manipulated 
successfully, provided the form in which they were left by the last trans- 
formation could be interpreted by ordinary means has been generally 
recognized bj' applied mathematicians; but their use was alwaj's con- 
sidered as belonging to the class of questionable operations, and whenever 
it was found possible to do so, the results obtained were subjected to inde- 
pendent checks. It now appears, not only that reliance can be placed in 
the final results, even when they are not interpretable by the customary 
means, but also that each separate step of the transformations is rigorously 
justifiable. 

It is not within the scope of this paper to enumerate the uses which 
may be made of the above theorems; but it may not be amiss to give 
one or two examples of their application to the solution of differential 
equations. These examples are drawn from the paper on " The Solu- 
tion of Circuit Problems " to which reference has been made in the 
introduction, where thej' are treated in detail, although, of course, with a 
minimum of theoretical mathematics. They will be given here as briefly 
as possible, the reader being referred to the original article for technical 
elaboration. 

The first of these problems, which is given in section 12, deals with an 
extremely simple electrical circuit, and is chosen for its didactic value 
only. The second, which is much more difficult, deals with the solution 
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of the set of partial differential equations controlling the propagation of 
electricity along a pair of parallel conductors. The third problem is 
equivalent to the solution of a set of linear differential equations of arbi- 
trary degree. It is discussed in section 14. 

12. Example of the foregoing theory. The flow of electricity in a circuit 
containing a resistance and capacity in series is in accordance with the 
equation 

RI + K f Idt = Eit), (36) 

c/ — CO 

where / is the current flowing, E is the applied electromotive force, and 
R and K are the resistance and stiffness (reciprocal of capacity) of the 
circuit. 

If £■ is a periodic function, e"", then I is periodic of the same period, 
and the solution of the equation is* 

Any form of E may be expressed by the equation 

E(t) = 2^ r dne^'^' f d\E{\)e-^^\ 

which represents, when physically interpreted, a summation of periodic 
terms, each multiplied by an amplitude factor 



hfy^' 



MX. 



It is natural, therefore, to expect a solution for / in the form of a summa- 
tion of these same terms, modified by the factor injiRin -\- K). The 
tentative result therefore is 



= TT \ dn \ d\E{-\)e"' 



(<-x). ^« 



Rin + K 



That this is the true solution is found by substitution in the equation to 
be solved. 

The integration with respect to n is carried out along the path AB 
\i\ < t; otherwise along AC. Hence 



JL n 



Rin + K"-^ R-^ 



' The evaluation of / Idt requires the use of the Caesaro value of an improper integral. 
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if X < ^ Otherwise it is zero. The result for / is therefore apparently 

But that this result is deficient follows from the fact that there is a term 
of zero degree in the expansion of inl{Rin + K) in descending powers of n. 
To this term corresponds the supplementary I term EIR, so that finally 



I = ^E{t) - ^,J' E{\)e ^'' "dX. 



For instance, if E(t) = iov t < and E(t) = 1 for < > 0, then I is 
zero unless < > 0, in which case 



R R- Jo 



-fc-A) ,. 1 



d\ 



r' 



K 



That this result is correct is capable of direct verification by substitution 
in the original equation. There is no need for this, however, except as a 
check upon the computation, for the method has been thoroughly established. 

This simple problem may be solved in easier ways; but it serves the 
purpose in this place of showing how. the definitions which have been given 
above overcome the deficiencies in an otherwise powerful method. A 
more formidable example occurs in the next section. 

13. Application to the solution of differential equations: the telegraph equa- 
tion. As stated in the introduction, the writer conceived the ideas which 
have formed the material for this paper from a consideration of the 
problem of the telegraph equation. This problem is here presented as 
briefly as possible, and serves to indicate the application of the Fourier 
integral to the solution of partial differential equations. 

The propagation of electricity along a pair of parallel conducting wires 
takes place in accordance with a system of differential equations, which, 
if units are properly chosen, reduce to 

dE dl ^ dl dE ^ .„ ,„„ 

If both / and E are assumed to be periodic in t, a solution is readily found 
in the form 

E(x, t) = e''"[Qie""^ + $26"'"'^], 

tin 
I{x, t) e""'^.— _^[Qie''"- - Qze-'^l, 



im = -^{in + l){in + k). 
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On the other hand, if E is not periodic, it can, for a given value of x, 
say X = 0, be expanded in a Fourier integral 

E(0, t) = f e''"F(n)dn, 

t/— a 

which represents a summation of such terms as the periodic one above. 
It is not unnatural, therefore, to expect a solution for E in the form 

E(x, t) = I [Qi(n)e''"^ + Q2(n)e-'"'^]e''"dn. 

J— a, 

If this is postulated, it is seen that 

Qi + Q2 = F = ^ J" ^(0, \)e-'- d\, 
wherefore, introducing the notation 

-^ J^"^(0, X)e-'''MX = Q,(n), 
it follows that 

E{x, = 2;^ J dnj EiO, X)e'"<'-^>[gi(n)e''"^ + q2(n)e-<^^]d\. 
Inverting the order of integration, and writing 

[5i(n)e''"^ + q2{n)e-""']dn (38) 

this takes the form 



E{x,t) =^£'E(0,\)dx{\t). 



It may be true that 5i(n)e""^ and g2(«)e'~''"^ are essentially singular 
at infinity, owing to the exponential factors; but this compUcation will 
cause little difficulty. As to the location of the other singularities nothing 
can be affirmed in general from purely mathematical considerations. 
They depend upon the boundary conditions of the problem, and may con- 
ceivably he either upon, above or below the real axis. Physical considera- 
tions show, however, that in all actual cases they must lie in the upper 
half plane, except when the problem has been idealized to such an extent 
as to put some of them upon the real axis. Even in this latter case, the 
same physical considerations warrant the use of a path of integration 
sufficiently far below the real axis to avoid these singularities. 

For the purpose of this argument it will be assumed that all points 
of the real axis are regular points, and that the cuts are fortuitously dis- 
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tributed, as required throughout the preceding sections. It is then 
possible to vary the path of integration to such an extent that it will 
avoid the origin, and thereafter to split (-38) into four portions involving 
one exponential each. Consider only the first of these, 

Xi(X, = i re'''<'-"'+'"'^^' ■— dn, (39) 

Ja ^ 

which is representative of all. It is seen that, at infinity, im is approx- 
imately equal to* — in + [(k + 1),2], so that the quantity im — in is 
finite and regular there. Indeed, it is regular at all points of the complex 
plane, excepting the two winding points n = i and n = ki. This having 
been established, (39) may be thrown into the form 

Xi(X, t) = i j e''"t'-^-^Vi(n)dn, 
where 

^ ' n 

This function ^i satisfies all the conditions which have been imposed 
upon the function ((> throughout this paper as regards singularities. It 

follows that J_°^ jE(0, X)dxi. and therefore Jj^-E'(0, '\)dx, may be subjected 
to the processes of repeated differentiation and integration with respect 
to either x or t. 

Suppose then that the integrals 

E{x, t) =-^ f EiO, \)d\ f e'"('-^'[gi(n)e""^ + qi{n)e-^"'']dn 

(•40) 

1 r* r°° im 

I{x, t) = - — I £"(0, X)dX I — j-je'"<'-^>[gi(n)e''"^-g2(n)e-'"-']dn 

are substituted in the equations (37). Upon performing all the operations 
under the signs of integration, and interpreting the results according to 
the principles of section 11, it is seen that (37) is satisfied. 

The first thought which is suggested by a glance at (40) is that a solu- 
tion which appears in such a complicated form is of very little use. But 
it must be observed that a method of evaluation has been obtained which 
does not require an improper integration with respect to n — and when 
the complicated n — integral is removed from consideration and the expres- 
sions are written in the form /_°^ £(0, X)dx(X, 0) they appear extremely 
simple. Whatever difficulty may remain is due to the complicated 

* The sign has been arbitrarily chosen to agree with the original paper. 
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nature of the boundary conditions, which will manifest itself in compli- 
cated values for qi and qo. 

The actual form which these functions take in dealing with the sub- 
marine cable, and the difficulties of numerical evaluation are discussed in 
the paper on " The Solution of Circuit Problems," to which attention 
has been invited above, and to which the reader who is interested in 
following the matter further is referred. 

14. Application to the solution of differential equations: the generalized 
Heaviside expansion. As a further example, consider the set of differential 
equations, 

a.n(|)/i + a,,(|)/, + ■■• +a,,(|)/, = 0, (^^^ 

) 

a3i(|)/i + a..3(|)/2+ ••• +a3,(|)/, = 0, 

in which Ou, an, • • •, a,, are linear differential operators of any order. 
Denote by A the determinant 

aii(in) au{in) ■ • • ais(rn) 

_ a^iiin) a22{in) • • • azaiin) 



and by Mij the minor of a,y, and build up the expressions 

If A has no roots for real values of n, these' expressions may be repeatedly 
differentiated, and hence may be substituted in the set of equations (41). 
This being done, there result the expressions 

3 

But 23 ciij{in)Mxj{in) is equal to zero or A, according as i is or is not differ- 

ent from unity. Hence it follows that Qi = Q, unless i = 1, in which case 
it reduces to/(0. That is (42) is a solution of the system of differential 
equations (41). 

The functions M and A are polynomials in terms of in. Suppose 
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that M A is divided out until a remainder K is obtained which is of degree 
lower than that of A; and that X A is then expanded, as it may be, in a 
set of partial fractions. Formall}- the result will be* 

ii i=0 i = i I'n — '■''■J; 

where K' is the degree of A in in. Substituting this result in (42) and 
evaluating the terms of the second summation by the method of section 5, 
and the terms of the first summation by the method of section 11, it is 
found that 

7y = ^Pk^Jit) + 2g,+ £' me'-k^'-'^dX + ^qj: fj{\)e''^k^*-'H\. (43) 

Here gi^ denotes one of the terms in which rik lies in the upper half of 
the complex plane, and qk~ one of the terms in which n* lies in the lower 
half. 

In case every p* and qk~ is zero, and /(X) = ^(X)/2t this reduces to 
Heaviside's formulaf 

ic-Qin 

From a mathematical standpoint, the formula (43) is principally 
important, in that it represents a particular solution of a set of linear 
differential equations, written in a very explicit form. It is hardly neces- 
sary to observe that a great deal could be said about boundary conditions, 
and complementary solutions and the like. But these matters are of 
sufficient importance to justify a title of their own, and like certain others 
which have been mentioned in the course of the argument, must be passed 
by for the present. 

15. Resume. The paper consists of three parts, the content of which 
is as follows : 

(a) A discussion of the Csesaro limit of a class of divergent integrals 
leads to the conclusion that it may be found by evaluating a Cauchy 
integral about well-defined paths. 

(6) It is found that an important class of Stieltjes integrals may be 
differentiated and integrated under the sign of integration, provided that, 
when differentiation is performed, left-hand unilateral derivatives are 
used. 



* Providetl the roots of A are all different. If any of them is repeated the form of the ex- 
pansion is different. 

t This formula, the importance of which in circuit theory is sufficiently attested by the fact 
that it possesses a name, was stated by Ohver Heaviside without proof. 
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(c) The results of the two preceding parts of the paper are brought 
to bear upon a class of double integrals which, in any ordinary sense, are 
without meaning. With the aid of a fortuitously chosen set of definitions 

of I /(X)d^''''(X), it is shown how these can be assigned meanings con- 
tra 

sistent with those operations to which they are most likely to be subjected 
in the solution of differential equations. Several examples illustrate the 
use of the theory. 

The purpose underlying the choice and development of the material 
is not to exhaust its possibilities along any one line; but rather to indi- 
cate a general line of research which, it is hoped, will be found of sufficient 
practical value to justify its more extensive development. 
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